EVALUATION OF THE CONVOLUTION SUMS 

Ei+i,m=n^ilMm) AND E3i+,m=n^ilMm) AND SOME 
APPLICATIONS 
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Dedicated to Snnivasa Ramanujan on the occasion of his 125th Birth Centenary 

Abstract. We evaluate the convolution sums ^^j^ i+i5m=n o"(0'^("^) 
a-nd I];,mgN,3;+5m=n all n £ N using the theory of quasi- 

modular forms and use these convolution sums to determine the number 
of representations of a positive integer n by the form 

xl + xxX2 + + X3 + 3:3X4 + xl + 5{xl + xsXe + xl + x^ + xrXs + Xg). 

We also determine the number of representations of positive integers by 
the quadratic form 

xl + xl + xl + xl + 6{xl +xI+Xt + xl), 

by using the convolution sums obtained earlier by Alaca, Alaca and 
WiUiams mil]. 



1. Introduction 
Following [311 [28], for n,NeN, we define W]\[{n) as follows. 

WN{n) = ^ a{m)a{n- Nm), (1) 

m<n/N 

where ar{n) is the sum of the r-th powers of the divisors of n. We write 
(Ti(n) = a{n). Also, following [Ij, we define Wa,bin) for a,6 G N by 

Wa,b{n):= ^ a{l)a{m). (2) 

l.m 

al-\-bm — n 

Note that VKi^Ar(n) = WN,i{'n) = WNin). These type of sums were evaluated 
as early as the 19th century. For example, the sum Wi{n) was evaluated by 
Besge, Glaisher and Ramanujan [9l [T5l [27j . 

The convolution sums WN{n) (for 1 < < 24 with a few exceptions) 
and Wa^bin-) for (a, 6) G {(2,3), (3, 4), (3, 8), (2, 9)} have been evaluated by 
using either elementary methods or analytic methods (which use ideas of 
Ramanujan) or algebraic methods (using quasimodular forms) (cf. [9|[T5 | [27 1 
[MllSnilllllMllIlllIllSlSiaEllllliaiiaiS^ Evaluation of these 
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convolution sums have been applied to find the number of representations 
of integers by certain quadratic forms (cf. [Ml H EJ [Sj IH (U EH [32] ) . In 
this article, we evaluate the convolution sums VKi5(n) and VF3,5(n) using the 
theory of quasimodular forms (following Royer). These convolution sums 
have not been evaluated so far in the literature (see for example [281 Table 
1]). As an application, we use these convolution sums to get the number 
of representations of integers by the quadratic form xf + xiX2 + + x| + 
X3Xi + x1 + 5{x1 + X5XQ + XQ + XY + X7Xs + Xg). We also give a formula for the 
number of representations of integers by the quadratic forms + x| + x| + 
x1 + k{xl + Xq + Xj + Xg), k = 3,6, by using the convolution sums W3{n), 
WQ{n), Wuin), W24,{n), W2,3{n) and Ws^^^n) evaluated by K. Williams and 
his co-authors [H El 11 [H] . ' 



2. Evaluation of Wa,b{n) and some applications 

2.1. Evaluation of Wi5(n) and Ws^^^n). In this section, following Royer 
[25] . we evaluate the convolution sums Wi5{n) and W3,5(n) by using the 
theory of quasimodular forms. As an application, we use these convolu- 
tion sums together with the convolution sum W5(n) derived by Lemire and 
Willams [22j to obtain a formula for the number of representations of a 
positive integer n by the quadratic form Q given by: 

Q : xl+XlX2+xl + xl + X3X4 + xl + 5{xl+X5XQ + xl + Xj+X7Xs + xl). (3) 

Let 

A4,5(^) = [A(z)A(5z)] V6 = ^4(^)^4(5^) ^ J2 u,5{n)q^ (4) 

n>l 

be the normalized newform of weight 4 on ro(5) (see [2B]). The following 
theorem was proved by Lemire and Williams |22] : 

Theorem 2.1. 

Ti^ / \ 5 , , 125 /n\ 5 — 6n , , 1 — 6n /n\ 1 , . 
W,{n) = —asin) + — ^3 (- j + ^cx(n) + -^a (- j - r^^U,,{n). 

(5) 

In order to evaluate Wi^^n) and ^3^5(71), we use the structure theorem 
on quasimodular forms of weight k and depth < k/2. Denoting the space of 

quasimodular forms of weig ht k, depth < k/2 and level N by Af^-''/^ro(iV)), 
we have the following structure theorem (see [191 125] ) . For an even integer 
k with k >2, we have 

k/2-1 

Mf /'(ro(iV)) = D^MkM^oiN)) © CD'/^''E2. (6) 

i=0 
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Let A4^i5;j(z), J = 1,2 be the normalized newforms of weight 4 level 15, 
which are given by the following. 

7] {z)^r] {15 z)^ 



A4,i5;i(2) := A4,5(^) + 9A4,5(32) + 5A2,i5(^)^ + 2- , , 

ri[6z)r](bz) 

= ^r4,i5;i(n)g''. 



n>l 



(7) 



M,15;2(^) := A4,5(^) + 9A4,5(32) + 7A2,15(^)^ = X] ^4,15;2(ri)t 



n>l 



where 



^2,15(2;) = r/(2;)r/(32;)?7(52;)?7(152;) 
is the normalized newform of weight 2 and level 15. Using the results of 
[14:\ \W \ it follows that the functions which are eta-quotients are cusp forms 
of weight 2 or 4 on ro(15). By comparing the first few Fourier coefficients 
and using the Sturm bound we conclude that they are newforms. The first 
few Fourier coefficients of newforms of given weight and level are obtained 
using the database of L-functions, modular forms, and related objects (see 



The following are the main theorems of this section. 

Theorem 2.2. Let n G N, then 

Tir / X 5 — 2n , , 1 — 6n / n \ 1 , , 3 /n 

^ ^ 120 ^ ^ 24 Vl5/ 624 ^ ^ 208 V3 

25 /n\ 75 / n\ 1 9 /n 



624 V5/ 208 V15/ 455 ' " ' 455 ' V3 

-^T4,i5;i(n) - — T4,15;2(ri), 

, , 5 — 6n ,n, 1 — 2n (n\ 1 , , 3 (n 

^'^^ ' 120 ^3^ 24 V5/ 624 ^ 208 V3 

25 (n\ 75 /n\ 1 9 (n 

+6^^=^ I5 J + Im'^ llsJ - 455^^'^^^) - 455"^'^ U 

-^T4,i5;i(n) + — r4,i5;2(n). 
Proof. Using the structure of M^^(15) from we get 

M4-2(ro(i5)) = M4(ro(i5)) e z)M2(ro(i5)) e CDE2. (8) 

The vector space M4(ro(15)) has dimension 8 and is spanned by the eight 
linearly independent modular forms Ei{z), E4{3z), Ei{5z), Ei{15z), A4^5(2;), 
A4^5(3z) and the two normalized newforms A4^i5;i and A4^i5;2- The vector 
space M2(ro(15)) has dimension 4 and is spanned by the linearly indepen- 
dent modular forms $1^15(2;), $5^15(2;), <I>i^3(z) and the normalized newform 
^2,15 (-2), where 

^a,b{z) ■■= T^{bE2{bz) - aE2{az)). (9) 
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Consider the quasimodular form E2{z)E2{15z) which belongs to M^^(ro(15)). 
Therefore, using ([6]), we have 

1 9 5 45 

E2{z)E2{15z) = —E,{z) + —E43z) + -Ei{5z) + -E,{15z) 

576 ^ , , 5184 ^ , , 48 ^ 
"455 ^'^^^^ " l5^ ^'^^ " y^4,i5;i(^) 
36 28 4 

-yA4,l5;2(^) + yi?^l,15(2) + ^DE2{z). 

Similarly, considering E2{3z)E2{5z), which is a quasimodular form of weight 
4, depth 2 and level 15, we get 

1 9 5 45 

E2{3z)E2{5z) = —E^{z) + —E,{3z) + -E^{5z) + -E,{15z) 



576 ^ , , 5184 ^ , 48 ^ , x 36 

■^A4,5(^) - ^A4,5(3z) - yA4,15;l(2) + y 

28 „^ 4„^ _ 4 



+y^^i,i5(^) - 4L>^5,15(2) + 5^$i,3(^) + ^DE2{z). 

By comparing the n-th Fourier coefficients, we get the required the convo- 
lution sums. □ 



2.2. Application to the number of representations. In this section 
we apply the convolution sums Wi^{n) and W^^^{n) to derive the following 
theorem. 



Theorem 2.3. The number of representations of a positive integer n by the 

4) 



quadratic form x1+xiX2+X2+x^+X3Xi+x1+5{x'^+X5XQ+XQ+Xj+xiX8+Xg^ 
is equal to 

12 , , 108 /n\ 300 /n\ 2700 /n\ 72 

648 /n\ 72 ^ ^ 
+^"^'^ (3j+y-4,i5;i(n). 

Proof Let No = N U {0}. For / G No, let 

^(0 = # {{xi,X2,X3,X4) G Z'^lxj + XiX2 + X^ + X^ + X3X4 + x| = Z} 

SO that r(0) = 1. For / € N, we know that (see [TTlfTS] ) 



= 12^d= I2a{l) -36a Q j . 

d\l, ^ ^ 
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Let N{n) be the number of representations of the given quadratic form Q 
defined by ([3]). Then N(n) is given by 



N{n) 



( 



E 

/ + 5m — n 

r(0)r 



Via 



\ ( 



1 



(a;]^ ,X2 ,3:3 5X4) 



E 



1 



(a:5,a;g,a;7,a;8)eZ'' 



n 



+ r(n)r(0)+ ^ r(/) 



r m 



!,m6N 
/ + 5m — n 



36ct ( — ) + 12(T(n) 



ma 



n 



+ ^ (^12c7(0-36ct(^^^^ (l2a(m)-36a(^^ 
12a - 36(7 + 12a(n) - 36c7 + 144 J]] 

-432 ^ay(f)-432 ^(^'^M 

Z + 5m— n 

+1296 ^ (^) 



Z+5m=n 



i + 5m— n 



Z + 5m— n 



120- 



n 



n 



36(7 ( — ) + 12a(n) 



36(7 



+144 W^{n) - 432 T^i5(n) - 432 ^^'3,5(71) + 1296 W5 . 

Substituting the convolution sums using Theorem 12.11 and Theorem 12.21 we 
get the required formula for N{n). □ 



2.3. More applications. Let Qk be the quadratic form x'\ + X2 + x\ + x\ + 
k{x'^ + Xq + Xj + x|) and Nk{n) be the number of representations of integers 
^ 1 by Qk- In this section we use the convolution sums derived in [3l H] 
to derive a formula for Nq. We note that for k = 2,3,4 similar formulas 
were obtained earlier by Williams [32] , Alaca- Williams [7j and Alaca- Alaca- 
Williams [5] respectively. To find NQ{n), we need the convolution sums 
WQ{n), W2,3 and W2i{n) which were derived by Alaca- Alaca- Williams and 
they are given in the following theorem. 
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Theorem 2.4. ( cf. [3, 4J) 

We{n) = I^^3(n) + -as y + -as (- j + -^3 (- 

1 — n,, 1 — 6n /n\ 1 

H cr(n) H a — ck n 

24 ^ ^ 24 Ve/ 120 ^ ^ 



Wo s(n) = (Tsln) H fis — H as — H 

Adv y 120 ^ ^ 30 V 2/ 40 V 3/ 10 



n 



1 — 2n /n\ 1 — 3n {n\ 1 
+ ^^^ (2) + (3) - m^*^^")' 



1^24(n) = cJs(n) H as - H as - H 

^ ^ 1920 ^ ^ 640 '^V2/ 640 '^V3/ 160 



n 

'"3 I 4 



"^640^^ veJ ^ 30^^ V 8/ 160^^ vi2y 10^^ V24 

4 — n 1 — 6n/n\ 61 

H a(n) H a — ci 2A(n], 

96 ^ ^ 24 V24y 1920 ' ^ 

where CQ{n) and ci^2'i{n) are the n-th Fourier coefficients of weight 4 nor- 
malized newforms which are given in [31 P- 492] and [H p. 94] respectively. 



In the following we use Theorem 12.41 to derive a formula for NQ{n). 

Theorem 2.5. The number of representations of a positive integer n by the 
quadratic form Qq is given by 

2 2 /n\ 18 /n\ 8 /n\ 18 /"n 

iV6(n) = 5^3(n) - -as y + -as (-j - -as (- 



128 /n\ 72 / n \ 1152 / n , . , , 
H — ^as - - —as — H ^as 7:7 - lT^e{n) 



5 V8/ 5 V12/ 5 V24/ 15 
32 /n\ 128 /n\ 122 , , 

+ 15^^ (2) - T^^^ (4) + T^^i'2^(")- 

Proo/. For / G Nq, let 

r4(/) = # {(a;i,a;2,xs,X4) G Z'^\xl + xl + xl + xl = 1} 
so that r(0) = 1. For / G N, we know the formula due to Jacobi (see |17j ) 



r4(/) = 8^d = 8a(/) - 32a ( ^ 

d\l. 
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Then Nq is given by 



E 



1 



E 



1 



(2:5,3:6, 3:7, ig)ez4 



r4(0)r4 + r4(n)r4(0) + ^ r4(/)r4 



m) 



!,mSN 
Z+6m — n 



8a(n)-32.(-)+8.(-)-32a(- 



8a (n) - 32a (^-j + 8ct i^- 



^ (8a(0 - 32a ) (8a(m) - 32a 

-64 a{l)a{ 

Z+6m — n 

256 Yl ^(0^ ( j) - 256 a a(m) 

l-\-6m — n 



!,mgN 
l-\-6m — n 



8c7 (n) - 32a (^) + 8a (^) - 32a (^) + 64 We{n) 

/ 71/\ / 71, 

+1024 We [jj - 256 W24(n) - 256 ^2,3 



Substituting the convolution sums from Theorem 12.41 in the above gives the 
required formula for NQ(n). □ 

Remark 2.1. The representation numbers Nk{n) for k = 2,4 were obtained 
by Wihiams [32j and by Alaca-Alaca-Wihiams [5] using the convolution 
sums Wa^bi'iT') and for A; = 3 it was derived by Alaca- Williams [7] as a con- 
sequence of the representation of positive integers by certain octonary qua- 
dratic forms. Note that N3{n) can also be obtained in a similar way as done 
in the cases A; = 2,4. In fact, 

Ns{n) = 8a(n)-32a(^)+8a(^)-32a(^) (10) 
+64 Wsin) + 1024 - 256 Wuin) - 256 Ws^n). 
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Using the convolution sums Ws{n), Ws^4{n) and Wuin) obtained in [T]. 
we have the following formula for N^{n): 

, , 8 , , 16 /n\ 72 /n\ 128 /n\ 

144 /n\ 1152 / n \ 88 , , 8 

'^s 7: H r- ^3 7^ + TT ci,i2(n) + — 03,4(71). 



5 V6/ 5 V12/ 15 ' ' ' 15 
The difference between the formula given in [TJ Theorem 1.1 (ii)] and (jlip 
is the coefficients coming from cusp forms. In coefficients of the newform 
of weight 4 level 6 appears and in the above formula Fourier coefficients of 
two cusp forms of weight 4 and level 12 appear. 
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during the second author's visit to the Harish-Chandra Research Institute 
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